ABSTRACT. Warped product manifolds are known to have applications in Physics. For instance, they provide an excellent setting to model space-time near a black hole or a massive star (cf. [HONG, S. T.: Warped products and black holes, Nuovo Cimento Soc. Ital. Fis. B 120 (2005), 1227-1234]). The studies on warped product manifolds with extrinsic geometric point of view are intensified after B. Y. Chen's work on CR-warped product submanifolds of Kaehler manifolds. Later on, similar studies are carried out in the setting of Sasakian manifolds by Hasegawa and Mihai. As Kenmotsu manifolds are themselves warped product spaces, it is interesting to investigate warped product submanifolds of Kenmotsu manifolds. In the present note a larger class of warped product submanifolds than the class of contact CR-warped product submanifolds is considered. More precisely the existence of warped product submanifolds of a Kenmotsu manifold with one of the factors an invariant submanifold is ensured, an example of such submanifolds is provided and a characterization for a contact CR-submanifold to be a contact CR-warped product submanifold is established.
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Introduction
In [1] , R. L. Bishop and B. O'Neill introduced the notion of warped product manifolds by homothetically warping the product metric of a product manifold B × F on the fibers p × F for each p ∈ B. These manifolds appear in differential geometric studies in a natural way. Ever since S. Nölker [15] gave an explicit description of the warped product representation of Euclidean space, there followed studies of warped product spaces both with intrinsic and extrinsic 2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary 53C40, 53C42; Secondary 53B25. K e y w o r d s: warped product, generic warped product, semi-slant submanifold, Kenmotsu manifold.
geometric point of views. It is known that warped product manifolds provide excellent setting to model space time near black holes or bodies with large gravitational force ( [9] ). Consequently, the problem of existence (or non-existence) of warped product manifolds in various ambient manifolds assumed significance. B. Y. Chen [6] initiated the study by exploring CR-submanifolds as warped products in a Kaehler manifold. I. Hasegawa and I. Mihai [7] extended the study by investigating contact CR-submanifolds as warped product submanifolds in Sasakian manifolds. They proved that warped product contact CR-submanifolds N ⊥ × f N T in Sasakian manifolds are trivial, i.e. simply contact CR-product submanifolds, where N T and N ⊥ are φ-invariant and φ-anti-invariant submanifolds of the Sasakian manifold. However, they investigated some extrinsic geometric aspects of the contact CR-warped products submanifolds (obtained by reversing the two factors of warped product contact CR-submanifold) in Sasakian manifolds. A. Kadri et al. [10] obtained an estimate for the squared norm of the second fundamental form for contact CR-warped products in a Kenmotsu space form. M. I. Munteanu [14] studied contact CR-warped products in transSasakian manifolds extending some of the results of [7] and [10] . Analogusly to the notion of semi-slant warped product submanifolds of a Kaehler manifolds (cf. [19] ), one may consider warped product submanifolds in the contact settings, i.e. warped products with one of the factors a φ-invariant submanifold and the other a slant submanifold (called as semi-slant warped product submanifolds). However, we have considered a larger class of warped product submanifolds with one of the factors a φ-invariant submanifold, i.e. without imposing any restriction on the second factor. Throughout, we call these submanifolds as contact generic warped product submanifolds and note that they provide a generalized version of semi-slant warped product submanifolds and in particular that of warped product contact CR-submanifolds and contact CR-warped product submanifolds. Since Kenmotsu manifolds are themselves warped product spaces, it is interesting to study contact generic warped product submanifolds in Kenmotsu manifolds.
Preliminaries
An almost contact structure (φ, ξ, η) on a (2m + 1)-dimensional manifoldM is defined by a (1, 1) tensor field φ, a vector field ξ and the dual 1-form η of ξ, satisfying the following the properties
There always exists a Riemannian metric g on an almost contact manifoldM satisfying the following compatibility condition
, it is easy to show that
If∇ is the Levi-Civita connection of g onM , then we have
An almost contact metric structure onM is called a Kenmotsu structure if
From the above relations, it can be deduced that
It can be shown that Kenmotsu manifolds are warped product manifolds L × f F where L is the line and F is a Kaehler manifold. Let M be submanifold of an almost contact metric manifoldM with the structure vector field ξ tangential to the submanifold M . If ∇ and ∇ ⊥ are the induced connections on the tangent bundle T M and the normal bundle T ⊥ M of M respectively, then Gauss and Weingarten formulae are given bȳ
, where h and A N are the second fundamental form and the shape operator (corresponding to the normal vector field N ) respectively for the immersion of M intoM . The two are related as
where g denotes the Riemannian metric onM as well as the one induced on M . For any U ∈ T M , we put T U = tan(φU ) and F U = nor(φU ), where tan and nor are the natural projections associated to the direct sum decomposition
Similarly, for N ∈ T ⊥ M , we write tN = tan(φN ) and fN = nor(φN ).
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If U and V are vector fields on the submanifold M , then from (2.3), we may write
10) The covariant derivatives of the tensor fields T and F are defined as 
is constant, which is independent of the choice of x ∈ M and U ∈ T x (M ) − ξ , where ξ is the 1-dimensional distribution spanned by the structure vector field ξ.
The above definition includes both the cases, namely ξ tangential to M and normal to M . Nevertheless, A. Lotta [13] proved that if ξ is orthogonal to a submanifold M of an almost contact metric manifold, then M is φ-anti-invariant.
Cabrerizo et al. [5] 
Furthermore, in such case, if θ is the slant angle of M , then λ = cos 2 θ.
For slant submanifolds of almost contact metric manifolds, following equations are some straightforward consequences of formula (2.13)
for any U, V tangent to M . Let M be a submanifold of an almost contact metric manifoldM tangential to the structure vector field ξ. M is called a contact CR-submanifold if there exist a φ-invariant distribution D and a φ-anti-invariant distribution D ⊥ on M such that the tangent space T x (M ) splits as
With a view to generalize CR-submanifolds, N. Papaghiuc [18] introduced the notion of semi-slant submanifolds of almost Hermitian manifolds which later was extended and studied in the setting of almost contact metric manifolds by J. L. Cabrerizo et al. [5] . A submanifold M tangential to the structure vector field ξ in an almost contact metric manifoldM is called a semi-slant submanifold if there exists a φ-invariant distributions D and a slant distribution D θ (with a slant angle θ) on M such that the tangent space T x M splits as
for each x ∈ M . Contact CR-submanifolds and slant submanifolds are semi-slant submanifolds with θ = π/2 and D = {0} respectively.
More generally, M is called a contact generic submanifold ofM if there exists
⊥ is φ anti-invariant, then the contact generic submanifold is a contact CR-submanifold.
Thus, contact CR as well as semi-slant submanifolds are special cases of contact generic submanifold.
Warped and doubly warped product submanifolds
Let (N 1 , g 1 ) and (N 2 , g 2 ) be two Riemannian manifolds and f , a positive differentiable function on N 1 . The warped product of N 1 and N 2 is the Riemannian manifold N 2 , g ), where
A warped product manifold N 1 × f N 2 is said to be a trivial warped product if its warping function f is constant. A trivial warped product 
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They obtained the following important formulae on a warped product manifold
for any U ∈ T N 1 and V, W ∈ T N 2 , ∇f denotes the gradient of f defined by 
). If either f 1 = 1 or f 2 = 1, but not both, then we obtain a (single) warped product. If both f 1 = 1 and f 2 = 1, then we have a product manifold. If neither f 1 nor f 2 is constant, then we have a non trivial doubly warped product. We now consider a doubly warped product of two Riemannian manifolds N 1 and N 2 embedded into a Kenmotsu manifoldM and prove: P r o o f. When ξ is tangential to N 1 then for any vector field U 2 on N 2 , by (2.6), (2.7) and (3.6), we obtain
As U 2 and ξ are linearly independent, we get ξ ln f 1 = 1, and
The second relation of (3.8) implies that f 2 is constant on N 2 .
Similarly for ξ in T N 2 and U 1 in T N 1 , we may obtain ξ ln f 2 = 1, and
Again the second relation of the above shows that f 1 is constant on N 1 . This proves the theorem completely.
As an immediate consequence of the above theorem, we may state:
ÓÖÓÐÐ ÖÝ 3.1º There does not exist non-trivial doubly warped product submanifold in Kenmotsu manifolds.
However, from the first relations of (3.8) and (3.9), it follows that Kenmotsu manifolds do admit non trivial single warped product submanifolds, which are simply being called as warped product submanifolds.
ÓÖÓÐÐ ÖÝ 3.2º LetM be a Kenmotsu manifold and N 1 , N 2 be any submanifolds ofM . Then there does not exist a non-trivial warped product submanifold
Thus, throughout we assume that the structure vector field ξ is tangential to the first factor N 1 of a warped product submanifold
Let N 1 be a φ-invariant submanifold and N 2 an arbitrary submanifold of a Kenmotsu manifoldM . Then, in view of Corollary 3.2, the possible non trivial generic submanifolds as warped products are N 1 × f N 2 and N 2 × f N 1 with ξ tangential to N 1 and N 2 respectively. In the sequel these submanifolds are called contact generic warped product submanifolds. In particular, if N 2 is φ-anti-invariant then the contact generic warped products N 1 × f N 2 and N 2 × f N 1 are known as contact CR-warped products and warped product contact CR-submanifolds respectively.
The following theorem provides an explicit mechanism of obtaining a generic warped products in a Kenmotsu manifold.
be a generic warped product submanifold of a Kenmotsu manifoldM . Then at least one of the following statements is true
(ii) M is a contact CR-warped product submanifold.
P r o o f. For any vector fields U , V in T M , by (2.4), (2.5), (2.7), (2.8) and (2.11), we obtain
When N 1 is φ-invariant. Then for any vector fields U 1 in T N 1 and U 2 in T N 2 , the above formula, on taking account of (2.11), (3.2) and the fact that g(T U 2 , U 1 ) = 0 yields
Thus, we have
Taking product with T U 2 in both sides of the last equation gives
Now by (2.4), we write
Making use of (2.5), (2.3) and the fact that ξ is tangential to N 1 , the right hand side of the above equation is written as
Taking account of (2.3), (2.7) and the fact that N 1 is φ-invarient and η(U ) = g(U, ξ), the above expression reduces to
which can be written as
As the second term of the above expression vanishes due to (3.2), we obtain
On the other hand decomposing φU 2 into tangential and normal parts, we may write
Using the formulae (2.7) and (2.8) on the right hand side, the above equation takes the form
As T U 2 and U 1 are orthogonal, on applying (3.2) and (2.9), the above equation yields
From (3.14) and (3.15), we arrive at
Equations (3.13) and (3.16) imply that
That means either 17) or M is a contact CR-warped product submanifolfd.
for each U 1 in T N 1 and U 2 in T N 2 . Making use of (2.11), (3.2) in the above equation and taking product with V 2 ∈ T N 2 , we get
Interchanging U 2 and V 2 and subtracting the obtained equation from (3.18) gives
Therefore, in particular
This means either 19) or N 2 = 0. Again we obtain that either (3.19) holds or the warped product is trivial.
Noticing that η(U 2 ) = 0 = U 2 ln f for each U 2 ∈ T N 2 , we deduce from equation (3.17) and (3.19) that 
ÓÖÓÐÐ ÖÝ 3.3º Let M be a contact generic submanifold of a Kenmotsu manifoldM such that it is not a contact CR-submanifold. If M is a contact generic warped product
Taking account of (2.5), (3.2) and the fact that ξ is tangential to N T , the above equation yields
Further, it follows from (3.12) that g(h(X, Y ), F Z) = 0 for each X, Y in T N T and Z in T N ⊥ . Taking account of this observation in the last relation, we obtain (3.21).
Conversely, suppose that M is a contact CR-submanifold of a Kenmotsu manifoldM with non-trivial distributions D and D ⊥ satisfying (3.21), then for 
The first term in the right hand side of the equation is zero by formula (2.5). The second term, on applying the Weingarten formula reduces to g(A φW Z, X). Therefore on using (3.21),the above equation yields
The above equation, on using (3.4) is written as be Riemannian metrics on N T and N ⊥ , respectively. Then, M = N ⊥ × f N T is a warped contact CR-submanifold ofM . The warping function is given by f = e t .
The above example can also be generalized replacing C 4 by C n and modifying the distributions D and D ⊥ respectively.
